Optimized Determination of Elastic Constants of Anisotropic Solids from Wavespeed Measurements by Castagnede, B. & Sachse, Wolfgang
OPTIMIZED DETERMINATION OF ELASTIC CONSTANTS OF 
ANISOTROPie SO LIDS FROM W AVESPEED MEASUREMENTS 
B. Castagnede and W. Sachse 
Department of Theoretical and Applied Mechanics 
Cornell University, Ithaca, New York 14853 
INTRODUCTION 
Ultrasonic measurements have been used for a long time to quantitatively 
deterrnine the elastic properties of solids from wavespeed measurements. The 
determination is based on measuring the speeds of propagation of various wave 
modes, propagating in specific directions of the solid. Various methods have been 
developed for these measurements including both continuous wave and pulsed or 
hurst techniques. A traditional distinction can be donein the way the transducer(s) 
interact with the solid to be characterized. Contact techniques [1,2] have been 
supplemented by immersion systems [3,4] which often yield more reproducible results 
and which permit measurements to be easily made along different directions in the 
test specimen. For instance, an advanced immersion system using the principle of 
digital interferometry with the help of a cross-{;Orrelation technique and normal mode 
tracking algorithms was recently designed [51. By using the mode conversion process 
at a liquid-solid interface, quasi-longitudinaf and quasi-transverse bulk modes can be 
generated in numerous directions in the interior of the solid. The design and 
implementation of specialized optimization algorithms [6] permit a precise 
determination of the elastic constants for various synthetic and natural composite 
materials (7,8]. Nevertheless, a principal lirnitation of the e:xisting optimization 
procedures for recovering a material's elastic constants has been the requirement of 
wavespeed data measured in principal planes, where some analytical expressions, 
providing the slowness curves, generally e:xist [9]. In this paper, a possible extension 
of this technique to recover the elastic constants of a material of arbitrary symmetry 
from wavespeed measurements made in non-principal planes is discussed. 
THEORETICAL BACKGROUND 
Although the procedure for evaluating the elastic constants is identical for any 
system of symmetry, we restriet ourselves here to materials which are transversely 
isotropic or whose matrix of elastic constants possess the hexagonal symmetry which 
is often used to represent unidirectional composite materials. In non-principal 
planes, no factorization of the characteristic equation associated with the propagation 
tensor is possible and consequently, analytical expressions for the eigenvalues of the 
Green-Christoffel tensor are not available. In turn, an optimum procedure for 
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recovering the elastic constants is not immediately evident. In the past, some 
attempts have been done to compute the eigenvalues of the propagation tensor and to 
determine the elastic constants by using a perturbation expansion of the so-called 
secular determinant [10,11]. However, this procedure is complicated and 
furthermore, it provides resu!ts in only particular propagation directions, sometimes 
with numerically-introduced artifacts [10]. Instead, here we present a numerical 
scheme with no analytical approximations. For a transversely isotropic solid, the 
propagation tensor ru = cijkfljnk, with i,j,k,l = 1,2,3 simplifies to: 
2 2 2 
r 11 = n1C11 + n2Cea + naC44 
2 2 2 
r 22 = n1Cas + n2C11 + naC44 
2 2 2 
r aa = (n1 + n2)C44 + naCaa 
r 21 = r 12 =(Cu- Cs6)ntn2 
rat= rta = (C1a + C44)n1na 
ra2 = r2a = (Cta + C44)n2na (1) 
where: n1, n2, n3 are the direction cosines with respect to axes 1, 2 and 3 of the test 
specimen, respectively. 
To fix the geometry, we consider a plate possessin& its higher element of 
symmetry, i.e. a rotation axis of order 27r/6 along the Z tor 3) principal axis, as 
shown in Fig. 1. The generation of the elastic waves is done on the bottom of the 
plate and the detection is accomplished by a point sensor mounted on the top as 
shown in Fig. 1. If a pulsed laser is used as a source, it can be scanned 
two-dimensionally over the front surface, making it possible to launch elastic waves 
in arbitrary non-principal planes. For such a testing geometry, the direction cosines 
are given by: 
(2) 
where the source is located at (h, yk, zk) and the sensor at (0,0,0). 
For this problem, it is convenient to make an additional simplification. Forthat 
case, two elastic constants can be directly determined from wavespeed measurements 
made along the X-axis, as given by: 
where : p is the density of the solid, and V L' V T are the wavespeeds of 
of the quasi-longitudinal and quasi-transverse modes respectively, 
propagating along the X-axis. 
(3) 
Thus, only 3 of the 5 independent elastic constants remain to be determined. Let 
us use the following notations: 
al = c11; xl = Caa; Xa = c13 
a2 = c66; x2 = c44; c12 = a1- 2a2 (4) 
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By developing the characteristic equation one obtains: 
(5) 
2 
where : .>. = pV are the eigenvalues of the Green-Christoffel tensor. After some 
algebraic manipulations, one obtains the set of non-linear equations which can be 
written according to: 
k k 2 k 2 k2 k2 k2 
'1/J (X 1,X2,X3) = A 1X1X2 + A 2X2X3 + A 3X2X 3 + A 4X2 + A 5X3 
k k k k Ak~ () + A 6X1X2 + A 7X2X3 + A 8X1 + A 9X2 + 10 ~ 0 6 
with : k = 1 , . . . , N and where N is the number of measurement locations and 
with the following definitions: 
6 4 
A1 = n 3 ; A2 = - n3A ; A3 = 2A2 
2 2 22 I 2 
A4 = (K 1n 1- K2n 1 + 2n1n2B + K )n3 
22 2 22 4 A5 = (2n 1n2B- K 1n2- K2n 1)n3 ; A6 = (K 1 + K2)n3 
• I 2 2 2 2 
A7 = 2A 5 ; A8 = (K K1- .>.K2n3 - AB n 1n2) 
2 2 2 2 2 2 2 A9 = (K 1K2- B n 1n2)n3 ; A10 = .>.(B n 1n 2 - K1K2) 
where: 
2 2 2 2 
K1 = a1n1 + aan2- .>. ; K2 = a1n2 + a2n1- .>. 
2 2 2 2 K 1 = AK2- .>.n3 ; .>. = pV1 T; A = n 1 + n2 ; B = a1- a2 
' 
The set of non-linear equations (6) is solved by m1mm1zmg the Euclidean 
functional F(X) = ~~ '1/Jk(X) 12, where X :: X1, X2, X3 by using a Newton-Raphson 
k 
algorithm [12]. 
NUMERICAL AND EXPERIMENTAL RESULTS 
The parameters used during the numerical Simulation are listed in Table 1. The 
elastic constants were measured for a uniaxial fiberglassfepoxy composite material 
[8]. To simulate the influence of random errors on the wavespeeds, a perturbation 
procedure was utilized using a quasi-normal density distribution. Data are only 
simulated in the upper right quadrant of Fig. 1. Since the slowness curves are 
symmetrical along the axis-3, this shortens the calculations without loss of 
generality. Fig. 2 shows the 3-D mapping in the slowness space for the quasi-
-transverse mode. W e note that for a material possessing hexagonal symmetry, the 
projection of the slowness surface onto the plane (1,2) is a circle. Fig. 3 presents a 
characteristic example of the algorithm's convergence with and without perturbations 
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Figure 1 : Geometry of the problern studied by the numerical 
simulation. 
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Figure 2 : 3-D slowness mapping for the quasi-transverse mode. 
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***** PARAMETERS **'**~ 
STEPX : • 2;:(1 cm. 
STEPY = • 2;:(1 cm. 
nn c : 1. 0000 cm. 
SIZE = 81 
PERT = .0000 ~ 
CU = 26. WO GPa 
C66 8. ;:() GPa 
C33 65. ;:() GPa 
C44 10. ;:() GPa 
C13 9. 580 GPa 
***** RESULTS ***** 
C33 65. ;:() GPa 
C44 10. ;:() GPa 
C13 : 9. 580 GPa 
***** PARAMETERS **'**~ 
STEPX : • 2;:(1 cm. 
STEPY = • 25CXl cm. 
nn c : 1. 0000 cm. 
SIZE = 81 
PERT = • 2;:(1 ~ 
CU 26. WO GPa 
C66 8. 500 GPa 
C33 65. ;:() GPa 
C44 10. ;:() GPa 
C13 9. 580 GPa 
***** RESULTS ***** 
C33 65.516 GPa 
C44 = 10.592 GPa 
C13 = 9. 308 GPa 
Figure 3 : Schematic polar representation for the generalized slowness 
curves and algorithm convergence for the optimized determi-
nation of the elastic constants (numerical simulation). 
a) Perturbation on the wavespeeds = 0.00 %. 
b) Perturbation on the wavespeeds = 0.25 %. 
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on the wavespeed data. Each individual curve represents a 2-D projection of a 
portion of one particular slowness curve, such as (CI) or (Cu), shown in Fig. 2. The 
algorithro was run ten tiroes for a given set of pararneters and the coef:ficient of 
variation of each unknown of the problero, i.e. c33• c44 and c13 was coroputed. 
Soroe nuroerical results obtained for three different cases are presented in Table 
1. First in Table 1a, the algorithro convergence is tested for various angular aperture 
of the data acquisition scan and the roeasureroent point density in the scan. In such 
a case, the angular density of the siroulated data decreases when the angular aperture 
over which the data is acquired is increased. Surprisingly, one notices an 
iroproveroent in the accuracy of the optiroally-recovered elastic constants when the 
angular aperture of the data acquisition is decreased, i.e. when increasing the angular 
density of the acquired data. The one elastic constant which does not follow this 
trend is C33. It is evident that this constant is roore sensitive than the other two to 
the angular aperture of the acquired data set, as it is directly deterroined along the 
axis-3. Table 1b illustrates the influence of the nurober of siroulated data for a given 
density of data points. The iroproveroent experienced in the recovery of C33 when 
increasing this pararoeter is evident. As in the previous case, this result follows the 
fact that C33 is directly determined along the axis-3. On the other hand, the two 
reroaining elastic constants, c44 and c13 fluctuate when the nurober of siroulated 
data is increased. The corobined influences of the two pararneters (point density and 
aperture of the data set) on the accuracy of the recovered elastic constants is given in 
Table 1c. Here, the nurober of siroulated data as well as the angular density of the 
data sets are increasing. The iroproveroent in the accuracy of the convergence of the 
elastic constants, although not drastic, is unroistakable. We note two trends: 
1) It appears that the value of the elastic constant C33 is systeroatically recovered 
roost precisely while that of the constant C 13 least precisely. Similar results are 
obtained froro roeasureroents roade in principal planes only [8}. 
Table 1 : Algorithro convergence for three different cases. 
a~ Influence of the angular density of the siroulated file. 
b Influence of the nurober of siroulated data. 
c Corobined influences. 
a) t.X t..Cai%) t..C4i%) t..C13(%) 
0.50 0.07 0.77 1.71 
0.25 0.09 0.41 0.79 
0.125 0.19 0.20 0.75 
b) N t..Caa(%) t..C4i%) t..Cta(%) 
9 0.63 0.82 1.69 
25 0.18 1.01 2.00 
81 0.07 0.77 1.71 
c) N t.X t..Caa(%) t..C4i%) t..Cta(%) 
9 1.00 0.30 1.37 2.39 
25 0.50 0.18 1.01 2.00 
81 0.25 0.09 0.41 0.79 
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p ARAMETERS OF THE NUMERICAL SIMULATION 
fl.X2 = fl.X 3 =variable in Table 1a and 1c, = 0.50 cm in Table 1b. 
N = 81 in Table 1a, variable in Table 1b and 1c. 
3 h = 1.00 cm. 6. V= 0.25 %. p = 2.108 gfcm . Cu= 26.30 GPa. 
C33 = 65.50 GPa. C44 = 10.48 GPa. C66 = 8.50 GPa. C13 = 9.58 GPa. 
2) It is difficult generally to recover the elastic constants to an accuracy equal or better than the amount of perturbation on the wavespeed data, i.e. 0.25% in these 
numerical simulations. Even with a large number of data points and an optimum distribution, as shown in the third line of Table 1c, the values of C44 and C13 have 
errors which are significantly higher than the perturbation of the wavespeed data. 
The algorithm has been also tested with real waveforms acquired with an 
ultrasonic point-sourcefpoint-receiver materials testing system [13). The sensors 
used here are broad bandwidth piezoelectric transducers whose aperture is 1.3 mm in diameter. An array of sensors was mounted around a 0.5 inch {12. 7mm) circle and 
an additional sensor was at the epicenter, directly under the location of the source. The elastic waves were generated in the plate specimen by breaking a glass capillary tube or a pencil lead at the center of the array. The time-of-flight of both quasi-longitudinal and quasi-transverse bulk waves were determined from 
measurements of the arrivals of these modes in the detected signals. The epicenter 
waveform directly provides Cu and C66 through Eqs. (3). Two unidirectional 
composite materials were tested with that procedure. The results are collected in Table 2. For the graphite fiberfepoxy resin composite, the accuracy of the determination is not included because this material exhibits significant dispersion 
and high damping of both longitudinal and shear . bulk waves [14). In some cases, the correct identification of the shear mode in these materials was even difficult, 
which limits the accuracy of the wavespeed measurements. 
Table 2 : Experimental results for two 1-D composite materials. 
Glass/polyester Graphite/epoxy 
h (mm) 6.38 (0.1%) 3.76 {6%) 3 
1.90 (0.5%) (6%) p (g/cm ) 1.56 
Cu(*) 42.1 (7%) 90.8 
Caa 56.4 (2%) 140 
c44 18.6 (2%) 83.2 
Ca6 12.8 (4%) 22.7 
cl2 16.5 (5%) 45.4 
c1a 10.2 (18%) 69.0 
(*) Cij in GPa. 
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CONCLUSIONS 
We have demonstrated in this paper that the determination of the elastic 
constants of an anisotropic material is possible from wavespeed data of acoustic 
waves propagating in arbitrary non-principal planes. Although we have only shown 
here the results obtained for materials of hexagonal symmetry, the numerical scheme 
is fundamentally the same for other systems of symmetry. For an orthorhombic 
material, when dealing with 7 unknown elastic constants, the non-linear set of 
equations to be solved are more complex and can again efficiently be solved by using 
a Newton-Raphson algorithm. Some of theseextensionswill be described elsewhere. 
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